
Copyright © 2001 
TERRAMETRA RESOURCES 

All Rights Reserved 
 

Derivations SPHERICAL 
TRIGONOMETRY 

Page 1 of 3 

 
 
LAW of COSINES DERIVATION 
 
Sides AD and AP are tangent at A such that… 
   DAP = spherical angle A 
   DAO = 90° 
   PAO = 90° 
 
In plane triangle DPO… 
     Equation 1 cos2222  DOPODOPODP  
 
In plane triangle ADP… 
     Equation 2 AAPADAPADDP cos2222   
 
In right triangle APO… 
     Equation 3 222 APPOAO   
 
In right triangle ADO… 
     Equation 4 222 ADDOAO   
 
Equate the right sides of equations 1 and 2 and rearrange… 
   AAPADAPADDOPODOPO cos2cos2 2222    
     Equation 5 AAPADDOPOAPADDOPO cos2cos22222    
 
Add equations 3 and 4 and rearrange… 
   222222 ADDOAPPOAOAO   
     Equation 6 222222 APADDOPOAO   
 
Equate the left side of equation 6 to the right side of equation 5 and rearrange… 
   AAPADDOPOAO cos2cos22 2    
   coscos2  DOPOAAPADAO  
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        Acossinsincoscos    

          note… a , b , c  
 

Law of Cosines…  Acbcba cossinsincoscoscos    
 

     Bcacab cossinsincoscoscos   alternate versions 
 

     Cbabac cossinsincoscoscos   
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LAW of SINES DERIVATION 
 
     Equation 7 Acbcba cossinsincoscoscos   
 
     Equation 8 Bcacab cossinsincoscoscos    by Law of Cosines 

 
     Equation 9 Cbabac cossinsincoscoscos   
 
 
Rearrange equations 7, 8 and 9… 
 
     Equation 10 cbAcba sinsincoscoscoscos    ( from 7 ) 
 
     Equation 11 caBcab sinsincoscoscoscos    ( from 8 ) 
 
     Equation 12 baCbac sinsincoscoscoscos    ( from 9 ) 
 
 
Using equation 10, square both sides… 

cbAcbcbaa 222222 sinsincoscoscoscoscoscos2cos   
 
Apply the trig identity     22 sin1cos  … 

        cbAcbcbaa 222222 sinsinsin1sin1sin1coscoscos2sin1   
 

 cbbccbaa 22222 sinsinsinsin1coscoscos2sin1  
        cbAcb 22222 sinsinsinsinsin   
 
     Equation 13 cbAcbacba 222222 sinsinsincoscoscos2sinsinsin2   
 
Using equation 11 yields… 
     Equation 14 caBcbacba 222222 sinsinsincoscoscos2sinsinsin2   
 
Using equation 12 yields… 
     Equation 15 baCcbacba 222222 sinsinsincoscoscos2sinsinsin2   
 
 
Equate the right sides of equations 13, 14 and 15 and rearrange… 
 

Law of Sines…   
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LAW of COTANGENTS DERIVATION 
 
     Equation 16 BaAb sinsinsinsin         … by Law of Sines 
 
     Equation 17 Acbcba cossinsincoscoscos   
 
     Equation 18 Bcacab cossinsincoscoscos    by Law of Cosines 

 
     Equation 19 Cbabac cossinsincoscoscos   
 
 
Substitute for  bcos   from equation 18 into equation 17… 
    AcbcBcacaa cossinsincoscossinsincoscoscos   
 
  AcbBccacaa cossinsincoscossinsincoscoscos 2   
 
  AbcBcaccaa cossinsincoscossinsincoscoscos 2   
 

     AbBcacca cossincoscossinsincos1cos 2   
 
Apply the trig identity     22 cos1sin  … 

   AbBcacca cossincoscossinsinsincos 2   
   
  AbBcaca cossincoscossinsincos   
 
Rearrange and divide both sides with equation 16… 
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Law of Cotangents…  
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  Or …    
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Spherical Excess… 
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